INTRODUCTION This paper is about a new method for vibration modal analysis, which is called the smooth orthogonal decomposition (SOD) based modal analysis method. The proper orthogonal decomposition (POD) based modal analysis method, which was first proposed by Feeny et.al in 1998, indicates an exciting method for extracting the modal shapes of a vibration system by using only the output displacement signal. However, that method requires to know the mass distribution of the system in advance, which is not always available for real applications. Also there is trouble of identifying the modes when two proper orthogonal values are close to each other. In this paper, we present the SOD-based modal analysis method which could overcome those limitations of the POD-based method, in addition, this method can provide not only the mode shapes but also the natural frequencies of the system. We start with the theory of the SOD and then give the mathematical justification for its application in modal analysis. Several simulation results are followed to show the performances of this method, in the meantime, the results from the POD-based modal analysis method are also provided to do the comparison. The conclusion is reached in the last.
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THEORY The SOD is a multi-variable data analysis method developed in the Nonlinear Dynamics Laboratory at the University of Rhode Island. The objective of the SOD is to find a linear operator φ ∈ R m×1 such that when we project the high dimensional data X ∈ R n×m onto it, we can not only keep the maximum possible variance but also expect the projected orbit is as smooth as possible. Corresponding to the eigenvalue problem of the POD, the SOD is actually a generalized eigenvalue problem. To drive it mathematically, we introduce a differential operator D ∈ R n−1×n and use the variance of the differentiated data matrix DX to describe the smoothness of the projected orbit.
Here ∆t is the sampling time,Ẋ is the velocity matrix. The idea of SOD can be written as:
Here both X and DX are mean subtracted for each column. The var means the variance of the matrix, Σ represents the covariance matrix. If we examine the underlined item D T DX, we will find it gives us the negative acceleration matrix of X, that is:
Such acceleration information can be obtained by looking at the real vibration problem. For a linear discrete undamped free vibration system, we have:
Here X = Y T , which each column represents a response time series. Substituting equation (3), (2) into equation (1) and differentiating both the numerator and the denominator with respect to φ and letting it equal to zero, we get:
Further simplify it, we end up with:
Therefore, when combined with the linear vibration problem the idea of the SOD leads to its eigenvalue solution under the undamped free vibration environment. In other words, the SOD provides a numerical technique which could simultaneously diagonalize or decouple the mass and the stiffness matrix by using only the output displacements. Here the Φ −T is the inverse EXAMPLES The procedure to perform the SOD-based modal analysis method is very simple. We only need to collect the output displacement time series from each mass by real experiment and assemble them into a matrix X. The differentiated matrix DX is then obtained by matrix calculation. The linear normal modes and the natural frequencies are obtained by applying the generalized singular value decomposition to these two matrix. For the POD-based modal analysis method, however, the assembled matrix X has to been pre-multiplied by the mass matrix M to do further analysis. The first two examples use a three-degree-of-freedom mass-spring system connected like it is shown in Fig. 1 with and without damping added. The governing equation for this system is: Table 1 and Table 2 show the simulation results from both POD and SOD based methods. Here again, ∆t is the sampling time, samples means the number of the sampling points, E POD stands for the error between the real vibration modes and the approximated modes given by the POD-based method, E SOD represents the error between the real vibration modes and the calculated modes from the SOD-based method, ξ is the modal damping ratio, Eω means the error between the real natural frequencies and the computed frequencies from the SOD-based method. As can be seen from the comparison results, the SOD-based method can give us similar or even better results than the POD-based method without knowing the mass distribution. In the third example, we changed the mass and stiffness matrix a little bit such that the POD generates two similar proper orthogonal values. As shown in Table 3 , the POD cannot be used to extract the modal shape any more, while the SOD can still give us acceptably good results. CONCLUTION We have presented a new method for extracting the modal shapes and the natural frequencies of a discrete vibration system. In addition to its good performances shown in the tables, the SOD-based modal analysis method has the following advantages over the POD-based method: (1) There is no need to know the mass distribution (only requires the output displacements) for the SOD-based method. (2) It can provide both the modal shapes and the natural frequencies of the system. (3) The SOD-based method does not suffer the ambiguous eigenfunction problem owned by the POD-based method (example 3). The SOD-based modal analysis method has also been successfully applied to the continuous vibration system with very good performance. The corresponding mathematical proof and examples are not listed here due to the limit of the space. In conclusion, the SOD-based modal analysis method is a very promising alternative to the POD-based or other modal analysis methods.
